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Abstract: The moduli space of instantons on an ALE space is studied using the 
moduli space of A/^ = 4 field theories in three dimensions. For instantons in a simple 
gauge group G on C^/Z„, the Hilbert series of such an instanton moduli space is 
computed from the Coulomb branch of the quiver given by the affine Dynkin diagram 
of G with ffavour nodes of unitary groups attached to various nodes of the Dynkin 
diagram. We provide a simple prescription to determine the ranks and the positions 
of these flavour nodes from the order of the orbifold n and from the residual subgroup 
of G that is left unbroken by the monodromy of the gauge held at inhnity. For G a 
simply laced group of type A, D or E, the Higgs branch of such a quiver describes 
the moduli space of instantons in projective unitary group PU{n) = U{n)/U{1) on 
orbifold C^/G, where G is the discrete group that is in McKay correspondence to 
G. Moreover, we present the quiver whose Coulomb branch describes the moduli 
space of SO{2N) instantons on a smooth ALE space of type A 2 n-i and whose Higgs 
branch describes the moduli space of PU{2n) instantons on a smooth ALE space of 
type Dn. 
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1 Introduction 

The realisation of the moduli space of instantons using string theory and supersym¬ 
metric held theory has long been studied in the literature. It was pointed out in 
[1, 2] that the ADHM construction [3], an algebraic prescription to construct instan- 
ton solutions for classical gauge groups on hat space, can be realised from a system of 
Dp-branes inside D(p-|-4)-branes (possibly with the presence of an orientifold plane). 
In this system, the former dissolve into instantons for the worldvolume gauge helds 
of the latter. For the worldvolume gauge theory on the Dp-branes, which has 8 su¬ 
percharges, the Higgs branch of the moduli space can then be identihed with the 
moduli space of instantons in the theory on the worldvolume on the D(p-|-4) branes. 
Indeed, the hyperKahler quotient of such a Higgs branch can be identihed with that 
of the moduli space of instantons [4]. 

A similar method is also available for instantons on an asymptotically locally 
Euclidean (ALE) space. The analogue of the ADHM construction for instantons in 
a unitary gauge group on an ALE space was proposed by Kronheimer and Nakajima 
(KN) [5]. Such a result was later generalised to instantons in a general classical gauge 
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group on an ALE space of type A or D by several authors, e.g. [6-11], using string 
theoretic constructions. 

Both ADHM and KN constructions exist only for instantons in classical gauge 
groups. Over the past few years, there has been a lot of progress in the study of 
instantons in exceptional gauge groups on flat space. For example, the instanton par¬ 
tition functions for exceptional gauge groups can be derived [12] by computing 
of superconformal indices [13-15] of theories of class S, arising from compactifying 
M5-branes on a Riemann sphere with appropriate punctures [16]; by using the blow¬ 
up equations of [17, 18] as in [19]; or by computing and extrapolating the generating 
function of holomorphic functions on the Higgs branch, known as the Higgs branch 
Hilbert series, of certain supersymmetric held theories as in [20-22]. 

Another method that has been proven to be fruitful for the study of instanton 
moduli spaces is to make use of the Coulomb branch of certain three dimensional 
held theories with 8 supercharges. For one instanton in a simply laced gauge group 
{i.e. of type A, D or E) on hat space, such Sd gauge theories were proposed in [23]. 
Such results were later extended to higher instanton numbers and to instantons on 
ALE spaces by [7, 8, 11]. Due to the method discovered in [24], it became possible to 
compute the generating function of holomorphic functions on the Coulomb branch, 
known as the Coulomb branch Hilbert series, of a large class of 3d A/” = 4 gauge 
theories (see also [25] for a recent mathematical development). It was indeed shown 
that this method can be applied to study the moduli space of instantons in the 
ADE gauge groups on hat space [24, 26] . The generalisation to the non-simply laced 
gauge groups {i.e. of types R, C, E and G) was developed recently in [27]. In this 
reference, it was proposed that the moduli space of instantons in any simple gauge 
group G, including non-simply laced ones, on hat space can be realised from the 
Coulomb branch of the quiver given by the over-extended Dynkin diagram of G. For 
G a simply laced group, such a quiver represents a 3d A/" = 4 gauge theory with a 
known Lagrangian description, and this is indeed the main reason why the method 
of [24] can be successfully applied to study such a moduli space. On the other hand, 
the Lagrangian description for non-simply laced Dynkin diagrams is not currently 
known, due to the multiple laces that are present in these diagrams. Nevertheless, 
it is still possible to compute the Coulomb Hilbert series such quivers using a simple 
prescription presented in [27]. 

The Hilbert series is, mathematically speaking, a character of the global sym¬ 
metry group of the ring of holomorphic functions on the moduli space of the su¬ 
persymmetric gauge theory. It provides useful information about the moduli space, 
namely the group theoretic properties of the generators of the moduli space and of the 
relations between them. Important properties of the theory, such as the global sym¬ 
metry enhancement, can be studied using this approach. For moduli spaces of k pure 
Yang-Mills instantons, the Hilbert series is also the five-dimensional (A'-theoretic) 
k instanton partition function of [17, 18, 21, 25, 28, 29]. Moreover, it was recently 
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realised that the Coulomb branch Hilbert series of Sd A/" = 4 “good” or “ugly” 
theories [30] with a Lagrangian description [24] can be obtained as a limit of the 
super conformal index of the theory^ [31]. Indeed, some of the theories of our interest 
in this paper, in particular those involving the simply-laced Dynkin diagrams, have 
a Lagrangian description and the standard formula [32-35] for the super conformal 
index can be written down. On the other hand, the theories involving non-simply 
laced Dynkin diagrams have no known Lagrangian description and the standard for¬ 
mula for the superconformal index is not available. The prescription for dealing with 
multiple laces proposed in [27] is a natural generalisation of the result obtained in 
[24] for Lagrangian theories. Such an approach allows us to study in a uniform way 
the moduli spaces of instantons of all simple Lie groups. It is currently unclear how 
to extend this to the full superconformal index. 

The main goal of is paper is to study 3(i TV = 4 field theories whose Higgs and/or 
Coulomb branches can be identified with the moduli space of instantons on an ALE 
space. We divide our study into two parts, namely for an orbifold singularity and 
for a smooth ALE space. Let us first discuss our findings on the case of orbifold 
singularities. We propose, along the line of [27], a simple field theory description of 
the moduli space of G instantons on orbifold C^/Z„, for any simple group G. Such 
a description involves the Coulomb branch of the quiver given by the affine Dynkin 
diagram of G with ffavour nodes of unitary groups attached to various nodes of the 
Dynkin diagram. We provide a simple prescription to determine the ranks and the 
positions of these flavour nodes from the order of the orbifold n and from the residual 
subgroup of G that is left unbroken by the monodromy at infinity. For G a simply 
laced group of type A, D or E, the Higgs branch of such a quiver describes the 
moduli space of instantons in projective unitary group^ PU{n) on C^/G, where G 
is the discrete group that is in McKay correspondence to G. The exchange of the 
instanton gauge group and the orbifold group in the Higgs and the Coulomb branches 
is in accordance with [7, 8, 11, 36]. We use the Hilbert series as a tool to study such 
moduli spaces of instantons and hnd several interesting new features. In the second 
part of the paper, we discuss the moduli space of instantons on a smooth ALE space. 
We focus on a 3(i A/” = 4 gauge theory whose Coulomb branch describes the moduli 
space of SO{2N) instantons on G? jTL^n with a particular monodromy at infinity. In 
several special cases, we compare the results with those studied in [37] and hnd an 
agreement. As proven in [5], the Higgs branch of such a gauge theory describes the 

moduli space of PU{2n) instantons on smooth ALE space C^/Dn- 

The paper is organised as follows. In section 2, we focus on instantons on a 

^The derivation of this limit in [31] is for a U{N) gauge group, but it can be easily generalised 
to any gauge group and matter content. 

^The projective unitary group PU{n) is defined as PU{n) = U{n)/U{l). The Lie algebra of 
which is isomorphic to that of special unitary group SU (n). 
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singular orbifold. As a warm-up exercise, we review the Higgs and the Coulomb 
branches of the 3d AT = 4 gauge theory that describes the moduli space of PU{N) 
instantons on P? in section 2.1. Extending the previous result, we then propose 
the field theories whose Coulomb branch is the moduli space of instantons in a general 
simple gauge group on C^/Z„ in section 2.2. As a by-product, the moduli spaces of 
PU (n) instantons on P?/Djsi and C^/E 6 , 7,8 are discussed in the same section. Several 
explicit examples are given in section 2.3 and there the Hilbert series are computed 
for a number of special cases to support our proposal in the preceding section. In 
section 3, we focus on instantons on a smooth ALE space. We propose a theory 
whose Coulomb branch describes the moduli space of SO{8) instantons on smooth 
ALE space C^/Z 2 in section 3.1 and generalise this result to SO{2N) instantons on 
PA/'L 2 n in section 3.2. For simplicity, we focus only on the monodromy at infinity 
such that SO{2N) is broken to SO{2N — 4) x 50(4). In section 3.3, we study the 
Higgs branch of the aforementioned quiver and conjecture that it can be identihed 

with the moduli space of PU{2n) instantons on C^/O^v with monodromy at inhnity 
such that PU{2n) is left unbroken. We close the paper with a discussion of our 
results and present some open problems in section 4. 

2 Instantons in gauge group G on orbifold £?/T 

In this section, we study the moduli space of G instantons on orbifold PA jTL^^ for 
any simple group G. As a warm-up exercise, we discuss the case of G = PU{N) 
and r = in section 2.1. Many results on this topic have been studied in several 
papers, e.g. [5-8, 25, 38-43], in the past. The purpose of this section is to introduce 
necessary concepts and set-up the notation. In section 2.2, we then extend this result 
to the moduli space of G instantons on for a general simple gauge group G, 

and to the moduli spaces of PU{n) instantons on P‘^/Dn and P‘^/Eqj^s- 

Notation. In the quiver diagrams in this paper, we use a circular node to denote a 
gauge group, a rectangular node to denote a flavour symmetry, and a line connecting 
two nodes to denote a bi-fundamental hypermultiplet between the two groups. Unless 
stated otherwise, the node labelled by number r denotes the unitary group U{r). 

2.1 G = PU{N) and L = 

We start by discussing moduli space of PU{N) instantons on C^/Z„. The instanton 
configuration is specified by two pieces of information, namely the monodromy of 
the gauge field at infinity and the monodromy at the origin of PA jTLn [41]. With 
these data specified, the moduli space of such instantons are isomorphic to the Eiggs 
branch of a 3(i W = 4 gauge theory whose quiver description is given by the flavoured 


4 


affine An-i quiver diagram, known as the Kronheimer-Nakajima (KN) quiver [5]: 



where 


AT = A^i + + ... + AT, . (2.2) 

This theory can be realised as the worldvolume of the D3-branes in the following 
conhguration [44]: 



where each blue line denotes the D3-branes, each red line denotes an NS5-branes, 
and each black dot with the label denotes the iVj D5-branes. The branes span 
the following directions: 



0 1 2 3 4 5 6 

7 8 9 

D3 

XXX X 


NS5 

XXX 

XXX 

D5 

X X X X X X 



where the 6-th direction corresponds to the circular direction. 

From quiver (2.1), we can read off the information about the gauge held at 
inhnity f/oo and the gauge held at the origin I/q as follows [41]. The number of 
eigenvalues of f/oo that equal to (for £ = 1,..., n) is N^. Here also has an 

interpretation as the number of D5-branes with linking number £. The number of 
eigenvalues of Uq that equal to is 


+ ki+i + ke-i - 2kt , i = 1,... ,n . (2.5) 
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Note that f3i is the difference between the linking numbers of the {i + l)-th and 
the £-th NS5-branes. From now on and in the main text, we refer to the paritition 
(A^i,..., Nn) of N as the framing of the PU{N) instantons on /'Ln- Indeed the 
framing is cyclic. 

For simplicity of the discussion, throughout section 2 we take 

ki = k2 = ... = kn = k . ( 2 . 6 ) 

and use the terminology that k is the instanton number. In this case, the mon- 
odromies Uq and Uoo have the same eigenvalues. As a result, it is sufficient to specify 
the instanton configuration just by the framing (A^i,..., Nn)- In this case, the mon- 
odromy breaks PU{N) = U{N)/U{1) into the residual symmetry {U{Ni) x U{N 2 ) x 
■■■xU{Nn))/U{l). 

The Coulomb branch of the Kronheimer-Nakajima quiver 

So far we have discussed about the Higgs branch of the KN quiver. Let us now 
study the Coulomb branch of such a quiver. A simple way to do so is to apply three 
dimensional mirror symmetry [45] to quiver (2.1) and study the Higgs branch of the 
resulting quiver. The former amounts to apply an S-duality on the configuration 
(2.3), under which the NS5-branes and the D5-branes are exchanged [44]. 

The result is a circular quiver with N U{k) gauge groups with one flavour of 
fundamental hypermultiplet under each of the A'l-th, A^" 2 -th, ..., A'n-th gauge groups. 
By mirror symmetry, the Coulomb branch of the KN quiver (2.1) is therefore the 
Higgs branch of this resulting quiver and it describes 

the moduli space of k PU{n) instantons on C^/Z^v 

with framing (0^i“\ 1, 1,..., 1). (2.7) 

Comparing (2.1) and (2.7), one observes that the roles of the gauge group and the 
orbifold type get exchanged [7, 8, 11, 36] under mirror symmetry. 

The framing in (2.7) determines the residual symmetry of PU{n). If A^j > 0 for 
alH = 1,2,... ,n, then PU{n) is broken to its maximal abelian subgroup f/(l)"’“^. 
On the other hand, if some Ni vanishes, PU{n) is broken to a subgroup that contains 
a non-abelian symmetry, e.g. for n = 3, if A^i = 2, 7^2 = 0 and = 1, then the 
framing is (0,2,1) and PU{3) = U{3)/U{1) is thus broken to {U{2) x U{1))/U{1) . 
There are some interesting special cases to consider: 

• If one of the Nfs is equal to one and the other Nfs are zero, the Coulomb 
branch of can be identified with the moduli space of k SU{n) instantons on 
C^; in agreement with [27]. 

• If one of the Nfs is equal to N and the other Nfs are zero, the symmetry of the 
Coulomb branch is U{1) x SU{n) for A^ > 3 and SU{2) x SU{n) for A^ = 1, 2, 
where the 17(1) and SU{2) are associated with the isometry of P? jTLn- 
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If in addition we set fc = 1, the Coulomb branch of (2.1) is isomorphic to 


£?/IjN X Msuin) , 


( 2 . 8 ) 


where Afsu(n) is the reduced moduli space of one SU (n) instanton on C^, which 
is is the minimal nilpotent orbit of SU(n) [46-49] . On the other hand, the Higgs 
branch of (2.1) in this case is 


X Msu{n) , 


(2.9) 


The feature (2.9) of the moduli space was in fact pointed out in (2.69) of [43]. 

2.2 A simple group G and T = or G = PU{N) and r — Dn, T^6,7,8 

This result can in fact be generalised to the moduli space of a simple gauge group G 
instantons on and that of PU{n) instantons on C^/T, with T = Dn, Eq, Ej, Eg 

In each case, we specify the monodromy of the gauge held at inhnity by stating the 
residual symmetry of the instanton gauge group. 

As a natural generalisation of the KN quiver, we focus on the following quiver 
diagram: 

The affine Dynkin diagram of the group G with the gauge groups U{ka^), 
where (* = 0,1,..., rank G) is the dual Coxeter label of the Tth node, 
and with Uj havours of fundamental hypermultiplets attached to the Tth 
node such that 


rank G 



( 2 . 10 ) 


i=0 


where a* are the Coxeter label of the Tth node.^ 

For G a simply laced group of types A, D or E, this is a conventional quiver 
diagram possessing a known Lagrangian description, whose moduli space was studied 
in various papers, e.g. [7, 8, 23, 25]. On the other hand, if G is a non-simply laced 
group of type B, G, E or G, the Lagrangian description of this quiver is not currently 
known, due to the presence of multiple-laces in the Dynkin diagram, and we refer to 
such a diagram as a generalised quiver diagram. As was discussed in [24, 26, 27], the 
Coulomb branch of such quiver diagrams has been proven to be useful in the study 
of the moduli space of instantons on flat space. In the following, we generalise the 
previous results to the moduli space of instantons on a singular orbifold. 

Given quiver diagram (2.10), we state the following results regarding its Coulomb 
and Higgs branch: 

^The information about ordering of the nodes, coxeter labels and dual coxeter labels for the 
affine Dynkin diagrams of simple groups G can be found in Figure 14.1 on Page 563 of [50]. 



1. The Coulomb branch of the above quiver describes the moduli space oi k G 

instantons on with monodromy at inhnity such that the symmetry G is 

broken to a subgroup H of G, where 

the non-abelian factors of H are constructed by removing the simple 
roots CKj associated with the nodes where Uj 7 ^ 0 and the abelian 
factors of H are present such that the total rank of H is equal to the 
rank of G. 

For n = 1,2, the isometry of the Coulomb branch is SU{2) x H, where the 
SU{2) factor corresponds to the isometry of or C^/Z 2 . For n > 3 the 
isometry of the Coulomb branch is U{1) x H, where the U{1) factor corresponds 
to the isometry of C^/Z„ with n > 3. 

2. For G = A, D, E, the Higgs branch of the above quiver describes the moduli 
space of PU{n) instantons on C?/G, where G is the discrete group that is in 
McKay correspondence to G, with monodromy at inhnity such that the group 
PU[n] is broken to its subgroup determined by the Favour nodes in the quiver 
diagram. 

Observe that the instanton gauge group and the orbifold type get exchanged as one 
goes from the Higgs branch to the Coulomb branch and vice versa [7, 8 , 11, 36]. 

Many of these statements can be conveniently checked using Hilbert series. For 
a simply laced group G, the Hilbert series of the Coulomb branch mentioned in item 
1 can be computed using the method described in [24] . For a non-simply laced group 
G, the method of [27] can be applied. We review such methods in Appendix A and 
provide several explicit examples in section 2.3. 

The quaternionic dimension of the Coulomb branch of quiver (2.10) is 

rank G 

dime Coulomb of (2.10) = k a( = kh^Q , ( 2 - 11 ) 

i=0 

where Kq is the dual coxeter number of G. This is to be expected as the dimension of 
the moduli space ol k G instantons on C^/Z„. On the other hand, for G = A,D, E, 
the quaternionic dimension of the Higgs branch of quiver (2.10) is 

rank G rank G 

dime Higgs of (2.10) = k a'^nt = k aiUt = kn = (2.12) 

which is to be expected as the dimension of the moduli space of k PU(n) instantons 
on CVG. 

In certain special cases, the moduli space of quiver (2.10) possesses the following 
important features: 


• If 77,0 = 1 and rij = 0 for i ^ 0, the Coulomb branch of can be identihed with 
the moduli space of k G instantons on C^. This is discussed in detail in [27]. 

If in addition we take k = 1, the Coulomb branch is isomorphic to x Ag, 
where Afc is the minimal nilpotent orbit of G [46-49], and the Higgs branch 
for G = A, D, B is isomorphic to C^/G, where G is the discrete group that is 
in McKay correspondence to G. 

• If no = n and rii = 0 for i ^ 0 , the symmetry of the Coulomb branch is 7/(1) x G 
for n > 3 and 57/(2) x G for n = 1, 2. 

If in addition we set k = 1 , the Coulomb branch of (2.10) is isomorphic to 

C^/Zn X Xg (2.13) 

and, for G = A, D, A, the Higgs branch of (2.10) is isomorphic to 

<X/GxMsu{n)- (2-14) 

In the following, we present some examples and compute the Hilbert series to 
demonstrate the above general rule. 

2.3 Examples 

Below we provide three examples involving ZI 4 , and G 2 affine Dynkin diagrams. 
In the hrst example, the moduli space of 50(8) instantons on and that of 

PU{N) instantons on /D 4 are discussed. In the second and the third examples, 
we demonstrate the use of generalised quiver diagrams, which involving non-simple 
laces, in the study of moduli spaces of 50(7) and G 2 instantons on £?/Z^. 

2.3.1 Flavoured O 4 afRne Dynkin diagrams 

Below we present the quivers diagrams whose Coulomb branches correspond to the 
moduli space correspond to k 50(8) instantons on C?IZ 2 with various monodromies 
at inhnity. The symmetry of the Coulomb branch is indicated below each quiver 
diagram. The 50(8) symmetry is broken to 50(8), 50(2) x 50(6) and 50(4) x 
50(4), respectively from left to right. The factor of 57/(2) that appears under each 
diagram corresponds to the isometry of CA jZ^. These symmetries can also be read off 
from the Coulomb branch Hilbert series^, whose computations are presented below. 
They are in accordance with the general rule stated earlier. 

^Some of which were computed in [51]. 
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with the overall U{1) decoupled (for example, from the middle U{2k) gauge node). It 
should be noted that this theory is actually a 3d mirror theory [52] of the 3d Sicilian 
theory (the class S theory compactihed on S^) of type A 2 k-i with punctures: 

{k,k), {k,k), {k,k), {k,k), {2k-1,1) ■ (2.17) 

The Coulomb branch Hilbert series for k = 1 

Let us compute the Coulomb branch Hilbert series of (2.15) in the case of fc = 1. For 
the sake of brevity in writing the formulae below, let us dehne 


H[D4{AJ 

_ j.^m-2\n-i_-n2\+Yll=\(\uo-ni\ + \ui_-ni\+\u3-ni\ + \ui-ni\) 


wiEZ U3EZ ni>n2>—00 

'^0 ^711+722 ^7X3 ^2X4 


^0 H ^2 


X P,7(2)(t;Ui,U2)(l -t ) 


2\-4 


(2.18) 


where denotes the contribution from the fundamental matter attached to the 
affine quiver. It may depend on u’s and n’s. 

The Coulomb branch Hilbert series of the left quiver of (2.15) is 

^ 0 , • • • , 2 : 4 ) 

= H[D4{2\uo\) 

'00 \ / 00 \ 

^S,o] (2/11 • • • ’ 2/4)^'"’^ ) , ( 2 . 19 ) 


Vpi =0 


VP2=0 
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where 


= Z 0 Z 1 Z 2 Z 3 Z 4 , yi = zi, 1/2 = Z 2 , ys = Z 3 , y 4 = Z 4 . (2.20) 


This is the Hilbert series of (C^/Z 2 ) x Afso(8), where A/so(8) is the minimal nilpotent 
orbit of SO ( 8 ). 

The Coulomb branch Hilbert series of the middle quiver of (2.15) is 


-^(^°15Vmid(^j ZO, ■ ■ ■ , Z 4 ) 

= HlB4](juoj + ju4j) 

= PE + xfo°i|i](y) + l)«^ + (xfh"’xf°‘^V)xfi°o'o|(!/))*“ 

- (xSW + ajd +,,, 


( 2 . 21 ) 


where 


= 2 ;oXiX 22 ; 32;4 , Wi = ZqZ;^ \ yi = Z2 , y2 = Z3 , ys = Z4 ■ (2.22) 


This is in agreement with (4.53) of [43]. 

The Coulomb branch Hilbert series of the right quiver of (2.15) is 

^STs) .right (^; Zo,...,Z 4 ) 


= H[D4]{\n4\ + \n2\) 



(2.23) 


where 

2 2 2 2 2 2 f c\ o d \ 

X = ZQZ1Z2Z3Z4 , yi = Zo, 1/2 = Zi, = ^ 3 , W2 = Z4 . ( 2 . 24 ) 


If we set Xo = ... = X 4 = 1, we obtain the unrehned Hilbert series 

right (^j ^0 = 1, • • • , 2:4 = 1) 

= 1 + 15^2 + + 116t^ + 352^*^ + 863t® + ... . (2.25) 

An example for SO{8) instantons on CVZ 3 

In addition to the quivers depicted in (2.15), let us consider the following diagram 



(2.26) 
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The Coulomb branch of this quiver describes the moduli space of k 50(8) instantons 
on with monodromy at inhnity such that 50(8) is broken to 0(1) x SU{2) x 

50(4). According to the general rule stated above, the SU (2) x 50(4) factor follows 
from the removal of the simple roots associated with the top left and the middle nodes 
and the 0(1) factor is precisely the abelian factor whose existence makes the rank 
add up to 4. The symmetry of the Coulomb branch is 0(1) x (0(1) x 50(2) x 50(4)), 
where the hrst 0(1) is associated with the isometry of C^/Zs. This symmetry can 


be conhrmed using the Coulomb branch Hilbert series. For example, for k = 1, this 
is given by 

H^,%{t;zo,...,z,) = H[D,]{\uo\ + \u2\) . (2.27) 

For brevity, we present the Hilbert series when Zi are set to 1 for alH = 0,..., 4: 

{a = 1 }) = 1 + llt^ + 20O + 820 + ... . (2.28) 


Note that the coefficient 11 of is indeed the sum of the dimensions of the adjoint 
representations of each factor in 0(1) x (0(1) x 50(2) x 50(4)), i.e. 1 + 1 + 3 + 6. 


Mirror theories of (2.15) and (2.26) 

The above instanton moduli spaces of instantons can be realised from the Higgs 
branch of the following quiver diagram (see section 4.2 of [9] and section 4.1 of [43]): 



where p = 0,2,4. For each of these values of p, this quiver is indeed a three- 
dimensional mirror theory for the quivers depicted in (2.15), respectively from left to 
right. Note that the symmetry of the Higgs branch of this quiver is indeed 517(2) x 
SO{p) X 50(8 — p). We check that the Coulomb branch Hilbert series computed 
from (2.15) are in agreement with those computed from the Higgs branch of (2.29). 

Note that for the middle quiver of (2.15) has two mirror theories (see sections 
4.1 and 4.2 of [9], section 4.2 of [43] and Fig. 22 on Page 47 of [51]): 



(2.30) 


(2.31) 
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where Ai and A 2 denote antisymmetric hypermnltiplet nnder gange gronp U{2). The 
Higgs branch of either theory describes k SO{8) instantons on C^/Z 2 with SO{8) 
broken to SO{2) x SO{6), whose algebra is isomorphic to 17(4). 

A mirror theory of (2.26) is depicted below. 


A 



where A denotes the rank two antisymmetric hypermnltiplet nnder the U{2k) gange 
gronp. Indeed, the symmetry of the Higgs branch is 17(1) x 17(2) x ^(^(d), where 
17(1) is associated with the antisymmetric hypermnltiplet. This symmetry agrees 
with the Conlomb branch symmetry of qniver (2.26).^ 

The Higgs branch of (2.15) 

The Higgs branch of the qnivers in (2.15) corresponds to the moduli space of k PU{2) 
instantons on with monodromy at inhnity such that PU (2) = 17(2)/17(1) sym¬ 

metry is broken to PU{2), (17(1) x 17(1))/17(1) and empty, respectively from left to 
right.® These symmetries are manifest from the quiver diagrams^. In the following, 
we examine the Higgs branches of the leftmost and the rightmost quivers in detail. 


The leftmost guiver of (2.15). For A; = 1, the Higgs branch Hilbert series can be 
computed as follows: 


rr Higgs 

-“(2. 15), left 


if^y) 

dz 


Id 


2 'Kiz 


(1 


dq 


kl= 


dw 


=1 27rig 27riw 


■X 


(2.33) 


-t^]^PE[(gu; ^ + q ^w)xf^^^\z)t]FE[{y + y ^){w + w ^)t] 


_T_ 

PE[(z2 + 2 + z-^)P] FE[P] 


where {z,q) are 17(2) = SU{2) x 17(1) gauge fugacities associated with the middle 
node; w is the 17(1) gauge fugacity associated with top left node; and y is the fugacity 
of the SU (2) flavour symmetry. The hrst factor in the numerator denotes three copies 
of the Higgs branch of 17(1) gauge theory with 2 flavours (he. three copies of C^/Z 2 ). 
The second and the third factors in the numerator denote the contribution from the 
remaining bi-fundamental hypermultiplets. The factors in the denominators denote 
the contributions of the F-terms associated with the middle 17(2) gauge node and 

^Indeed one can also check that the Higgs branch Hilbert series of (2.32) agrees with (2.28). 

®These moduli spaces can also be realised from the Coulomb branch of (2.29) with p = 0,2,4 
respectively. 

^For the rightmost quiver in (2.15), one can see this from quiver (2.16). 
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the top left f/(l) gauge node. Evaluating the integrals, we hnd the following rehned 
and unrehned Hilbert series 



rr Higgs 

“(2. 15), left 


it,y = 1 ) 


1 

(l-f4)2 



1 - 

(l-f2)4 

1 + + 7t^ + 14t® + 25t® + + ... . 


We can therefore conclude that 


(2.34) 


(2.35) 


The Higgs branch of leftmost quiver in (2.15) for k = 1 
= (€7^4) X (CVZ 2 ) = {CVDa) X Msui 2 ) , (2.36) 

where is the orbifold singularity in question and C^/Z 2 is the reduced moduli 

space of 1 SU{2) instanton on C^, which is the minimal nilpotent orbit Msu{ 2 ) of 
SU{2). It is interesting to compare this with the Coulomb branch of the same quiver, 
which is isomorphic to {€7^/'L 2 ) x J\fso{8) (see (2.19)). Notice that the group associ¬ 
ated with the orbifold and that associated with the nilpotent orbit get exchanged. 


The rightmost quiver of (2.15). The Higgs branch of the rightmost diagram of 
(2.15) has an interesting feature that worth discussing in detail. Some properties 
of this space for k = 1 were actually studied in section 4 of [53]. In the following, we 
compute the Higgs branch Hilbert series of such a diagram for k = 1.® 


H, 


Higgs 

(2.15), right 


”dn£-. 4 : 

PE 


dzi 


dzo 


-{I-Z 1 Z 2 )x 


2mzi 27riz2 

|^(^l ^ + ^2 + • • • 9'4 + 1)^ + + 2:2)(<?i ^ + • • • <?4 ^ + 1)^ 

- - 1 - Z2){zf^ + zf^)t^ - 4:f 

1 - 2f2 + - 2f® + 

(l-f2)7l + t2)2 


®This Hilbert series can alternatively be computed from (2.16), which is constructed by gluing 
5 copies of 17(1) gauge theory with 2 flavours via the common 17(2) flavour symmetry, gauging this 
17(2) symmetry and decoupling the overall 17(1) from this node. The computation involves putting 
together 5 copies of C2/Z2, which is the Higgs branch of 17(1) gauge theory with 2 theory, and then 
modding out by the 17(2)/17(1) symmetry in the middle node: 


it) 



dz 

2'Kiz 


( 1 -Z 2 ) 


(pE[xf7^^)(z)P-H])' 


l-2t^ + 4H - 2t^ + T" 

(l-P) 7 l+t 2)2 


rr Higgs 

'"(2. 15), right 


(2.37) 















l + 5t^ + + ... . 


(2.38) 


The fact that the coefficient of vanishes implies that the flavour symmetry is empty. 
As a matter of fact, the Higgs branch of this quiver is isomorphic to the orbifold 
C"^/r 32 , where r 32 refers to extraspecial group of order 32 and type + in http:// 
groupprops.subwiki.org/wiki/Inner_holomorph_of_D8®. In order to check this, 
we compute the Hilbert series of C^/r 32 using the discrete Molien formula: 


H[cVr32](t) 


1 

32 


E 

M^T32 


1 

det(l4,,4 


tM) 


1 - 2f2 + + ts 

(l-f2)4(l+t2)2 ’ 


where 


(2.39) 


^32 Bji . 71 

= 0,...,15} , 

(2.40) 

An = 

'tin 0 A 

VO aj ’ 

0 < n < 15 , 

(2.41) 

Bn = 

k 0 Cbn\ 

oj 

, 0 < n < 15 , 

(2.42) 


* 1-2x2 

0 < n < 3 , 


(In ^ 


4 < n < 7 , 

(2.43) 



8 < n < 11 , 



12 < n < 15 , 



with cri, 2,3 the Pauli matrices. The plethystic logarithm of (2.39) is 

PL [i/[CVr32] (t)] = + _ _ _ ^ ^2.44) 


indicating that there are 5 generators at order and 4 generators at order subject 
to 4 relations at order and 10 relations at order 


2.3.2 Flavoured afRne Dynkin diagrams 

Below we present the generalised quivers diagrams whose Coulomb branches cor¬ 
respond to the moduli space of k 50(7) instantons on C^/Z 2 with various mon- 
odromies at inhnity specihed by the residual symmetry of 50(7). The symmetry of 
the Coulomb branch of each quiver can be read off from the Hilbert series computed 
using the prescription given in [27]. For each quiver, 50(7) symmetry is broken to 

®It is isomorphic to the central product of two dihedral groups of order 8, D 4 * D 4 , and to the 
central product of two quaternion groups, Qg * Qs- 

thank Amihay Hanany and Martin Rocek for collaborating on this result during the Simons 
Workshop in Mathematics and Physics 2013. 
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S0{7), 50(5) X 50(2), 50(3) x 50(4) and 0(1) x 50(6), respectively from left 
to right and top to bottom. The factor of 50(2) that appears nnder each diagram 
corresponds to the isometry of C^/Z 2 . 



SU{2) X SO{7) 


SU{2) X 50(5) X 50(2) 



(2.45) 


SU{2) X 50(3) X 50(4) 


SU{2) X 0(1) X 50(6) 


Let us now compute the Coulomb branch Hilbert series of the above quivers. For 
the sake of brevity in writing the formulae below, let us define 


«|Bsl(A, 


EE E E‘ 

wiGZ n\>n2>—oo 


Am-2\ni-n2\-\-Yli^i \uo-ni\-\-\u1-ni\-\-\2ni-u3\ 


X 


(2.46) 


where denotes the contribution from the fundamental matter attached to the 
affine quiver. It may depend on u’s and n’s. 

The Coulomb branch Hilbert series of the top left quiver in (2.45) is 

■^(2. 45), top left(C ^Oi • • • 1 ^4) 

= H[Bs]{2\uo\) 

= (E (E xS,0|(!'.. ■ ■ ■. . (2-47) 

\pi =0 / Vp 2=0 / 

where 

= ZqZiZ^zI , yi = zi, y2 = Z 2 , 2/3 = 2 : 3 , 2/4 = 2:4 • (2.48) 

This is the Hilbert series of (C^/Z 2 ) x Nsoii)-! where Afso( 7 ) is the minimal nilpotent 
orbit of 50(7). 
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The Coulomb branch Hilbert series of the top right quiver in (2.45) is 



= H[Bs]{\uo\ + \u^\) 



(2.49) 


where 


x‘^ = ZoZiZ^zi , wf = ZqZ-^ \ yi = Z2 , 1/2 = 2:3 , 1/3 = 2^4 • (2.50) 

The Coulomb branch Hilbert series of the bottom left quiver in (2.45) is 




(xfi°f*(y) + 2)t‘ + ... 


(2.51) 


where 


= zozizjzl , wf = zqz^ \ yi = Z2 , 1/2 = 2:3 , ys = Z 4 . (2.52) 

The Coulomb branch Hilbert series of the bottom right quiver in (2.45) is 






(2.53) 


where 


x’ = ZciJlJpa , Vi = Zi , 92 = 22 , «3 = 2| 



(2.54) 


The above moduli spaces of instantons can be realised from the Higgs branch of 
the following quiver diagram (see section 4.1 of [43]): 



(2.55) 


where p = 0,2,4, 6. The symmetry of the Higgs branch of this theory is SU{2) x 
{SO{p) X SO{7 — p)), where the SU{2) factor is associated with the bifundamental 
hypermultiplet under USp{ 2 k) x USp{ 2 k)\ this is in agreement with those written 
in (2.45). The Higgs branch Hilbert series of this quiver can be computed as in [43]. 
This yields the same results as the Coulomb branch Hilbert series of (2.45), and 
hence provides a non-trivial check of the proposal in [27]. 
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2.3.3 Flavoured G 2 afRne Dynkin diagrams 

Below we present the generalised qnivers diagrams whose Coulomb branches corre¬ 
spond to the moduli space correspond to k G 2 instantons on C^/Z 2 with various 
monodromies at inhnity. For each quiver, the monodromy at inhnity breaks G 2 sym¬ 
metry to G 2 and to SU{2) x SU{2), respectively from left to right. These can be 
seen from the Coulomb branch Hilbert series computed below. 



SU{2) X G 2 



SU{2) X {SU{2) X SU{2)) 


(2.56) 


For the sake of brevity in writing the formulae below, let us dehne 

H[G2]{A^) 

_ ^ ^ ^ j.^m-2\ni-n2\+Yl1^i\uQ-ni\+\^ni-U2\^ 

uqGZ ni>n2>—oo 


(2.57) 


where denotes the contribution from the fundamental matter attached to the G 2 
affine quiver. It may depend on m’s and n’s. 

The Coulomb branch Hilbert series of the left quiver in (2.56) can be computed 
using the prescription given in [27] as follows: 

Hi2°56),Mtit;Zi,Z2,Z3) = i7[G'2] (2 |-Uo |) 

= , (2.58) 

\pi=0 / \p2=0 / 

where we donate by [0,1] the adjoint representation of G 2 , and 

= zoz^zl, yi = Zi, y 2 = Z2 . (2.59) 


Indeed, this is the Hilbert series of G?I'L 2 x where denotes the minimal 
nilpotent orbit of G 2 . 

Similarly, the Coulomb branch Hilbert series of the right quiver in (2.56) is 


^§°5%,right(^; 2 : 3 ) = H[G 2 ]{\ni\ + \n 2 \) 


= PE 


([2;0;0] + [0;2;0] + [0;0;2])f2 + [l;l;3]f3 


+ ([0;2;6]-2)f" + ... 


(2.60) 
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where 




and 


2 2 3 2 2 

X = ZqZ^Z^, = Zi, y 2 = Z 2 . 


(2.61) 

(2.62) 


3 Instantons on a smooth ALE space 

Hitherto we have discussed the moduli spaces of instantons on orbifold singularities 
and their 3d held theory realisations. In this section, we consider the situation in 
which such singularities are resolved and the study moduli space of instantons on 
the smooth ALE space. The goal is to describe such a space using the moduli spaces 
of 3d Af = 4 gauge theories. 

For instantons in a unitary gauge group on the ALE space of type A„_i, the 
blow-up parameters of are given by the Fayet-Iliopoulos (FI) terms [6] of the 

KN quiver (2.1). Under mirror symmetry, these FI parameters are in correspondence 
with the mass parameters [23] in the mirror gauge theory described around (2.7). 

On the other hand, for instantons in an orthogonal gauge group, one may not 
be able to turn on such an FI term, for example, in quiver (2.29). Thus, the blow-up 
parameter may not be apparent from the weakly coupled Lagrangian description. In 
particular, for SO{8) instantons on the smooth ALE space C^/Z 2 n with monodromy 
at inhnity such that SO{S) is broken to S'0(4) x 50(4), it was pointed out in [37] 
that the blow-up parameter of C^/Z 2 n can be made apparent in the held theoretic 
description by exploiting theories of class S and their dualities. 

The purpose of this section is to reformulate such a description using 3d gauge 
theories and present a quiver whose Coulomb branch describes the moduli space of 
50(277) instantons on the smooth ALE space C^/Z 2 „. For simplicity, we restrict 
our presentation to the case in which the monodromy at inhnity breaks S0{2N) 
to S0{2N — 4) X 50(4). For A^ = 4, we compare our results with those in [37], 
where a diherent approach was adopted. In fact, it was proven in [5] that the Higgs 

branch of such quiver describes the moduli space of PU{2n) instantons on C^/D^ 
with monodromy at inhnity such that PU{2n) is unbroken. 

3.1 50(8) instantons on C^/Z 2 

Let us start from the case of k 50(8) instantons on C^/Z 2 with the monodromy 
at inhnity such that 50(8) is broken to 50(4) x 50(4). The moduli space of this 
conhguration of instantons is identihed with the Higgs branch of the following quiver 
(see section 4.2 of [9] and section 2 of [37]): 
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Note that this 3(i A/" = 4 quiver is a bad theory in the sense of [30] for all fc > 1, 
because the USp{2k + 2) gauge group has 2k+ 2 flavours of fundamental hypermul- 
tiplets charged under it^^. Motivated by (2.15) and by the brane configuration in 
[11], we propose that a mirror theory of quiver (3.1) is 



(3.2) 


Thus, the Coulomb branch of (3.2) describes the moduli space of SO{8) instantons 
on C^/Z 2 with monodromy at infinity such that 50(8) is broken to 50(4) x 50(4). 
The quaternionic dimension of the Coulomb branch of (3.2) is 


(k + l)+ k + k + k +2k = 6k+ 1 , 


(3.3) 


and the quaternionic dimension of the Higgs branch of (3.2) is 

3{2k){k) + 2k{k + 1) + 2{k + 1) - [3^^ + {2kf + {k + if] = 2k + l . (3.4) 


The former is indeed the dimension of the moduli space of k 50(8) instantons on 
C 2 /Z 2 [9, 37], and the latter is equal to with the total rank of the gauge groups in 
quiver (3.1). 

In quiver (3.2), there are two flavours of fundamental hypermultiplets charged 
under gauge group U{k + 1). Hence the theory admits one mass parameter that 
cannot be eliminated by shifting any of the dynamical helds (this is actually the 
difference between the masses of the two flavours). This mass parameter is indeed 
identihed with the blow-up parameter of C^/Z 2 . Note that, under mirror symmetry, 
this mass parameter corresponds to a “Fayet-Iliopoulos parameter” that is not visible 
in the Lagrangian of (3.1); this is an example of the “hidden” FI parameter discussed 
in [54]. 

It is also instructive to compare (2.16) with (3.2). Recall that the Coulomb 
branch of former describes the moduli space of k 50(8) instantons on C^/Z 2 . Observe 
that theory (2.16) does not admit a (non-trivial) mass parameter, whereas theory 
(3.2) admits a mass parameter that corresponds to the blow-up parameter of C 2 /Z 2 . 

Let us now compute the Coulomb branch Hilbert series of (3.2). The compu¬ 
tation can be performed using the method described in [24] and Appendix A. For 
brevity, we report only the unrehned Hilbert series for k = 1 and k = 2 here: 




560 


linear quiver is a bad theory if it contains a USp{2Nc) gauge group with Nf < 2Nc + 1 
flavours. 
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+ 123t® + 248t® + 453t^ + 777t® + 1090t^ + 1580t^° + 1890t^^ + 2182^^^ 


J.26 


+ 2280t + 2182t + palindrome + t 

= 1 + + 32t^ + 126t^ + 384t® + 1025t® + ... , 

fc=2(^) = 1 + + 32t^ + 161t^ + 544t® + 1820t® + ... . 


(3.5) 

(3.6) 


Note that the coefficient 15 of is the snm of the dimensions of the adjoint represen¬ 
tations of each factor in the symmetry of the Conlomb branch SU{2) x S'0(4) xS'0(4), 
where SU{2) corresponds to the isometry of C 2 /Z 2 . 

For k = 1, theory (3.2) has another mirror theory which is a good theory in the 
sense of [30]: 


(3.7) 



This theory was actnally pointed ont in section 2.3 of [37] and the blow-np parameter 
of C^/Z 2 is indeed apparent in the Lagrangian description as the FI parameter of the 
U{1) gange gronp. It can be checked that the Higgs branch Hilbert series of (3.7) is 
eqnal to (3.5). 

3.2 SO{2N) instantons on C^/Z 2 n 

It is straightforward to generalise the previous result to a general SO{2N) gauge 
group and to a general smooth ALE space of type A 2 n-i- 

We propose a quiver theory whose Coulomb branch describes the moduli space 
of k SO{2N) instantons on C^/Z 2 n with monodromy at inhnity such that SO{2N) 
is broken to SO{2N — 4) x S'0(4) to be as follows: 



(3.8) 


We claim that this theory is a 3d mirror of the following quiver 


SO{2N - 4) —(^ USp{ 2 k) 



Note that, for 77 = 4, quiver (3.9) was discussed in Figure 9 of [37]. 
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Notice that the quaternionic dimension of the Coulomb branch of (3.8) is 


dimni Coulomb of (3.8) = {2N — 2)k + n = kh^gQ(^ 2 N) + ^ ■> (3.10) 

as expected. The quaternionic dimension of the Higgs branch of (3.8) is 

dimn Higgs of (3.8) = 2nk + = kh^gjj^ 2 n) + ) (3-11) 

in agreement with the dimension of the Coulomb branch of (3.9). Note that the 
latter is independent of N. 

Theory (3.8) admits 2n — 1 non-trivial mass parameters for the 2n flavours of the 
fundamental hypermultiplets under gauge group U{k + n). These mass parameters 
are identified with the blow-up parameters of C^/Z 2 n- 

In order to check this proposal, let us compute the Coulomb branch Hilbert 
series of (3.8) for some values of k, N and n using the method described in [24] and 
Appendix A. The unrefined Hilbert series for A; = 1, = 5 and n = 1 is given by 


H(i°8lk=i,N=5,n=iit) = 1 + 24f2 + 48f3 + 292t^ + 9Ut^ + 3279f® + ... . 


(3.12) 


The coefficient 24 of is the sum 3-1-15-1-6 of the dimensions of the adjoint 
representations of each factor in the symmetry of the Coulomb branch SU{2) x 
SO{6) X ^(^(d), where SU{2) corresponds to the isometry of C 2 /Z 2 . We also check 
that the Coulomb branch Hilbert series (3.12) agrees with the Higgs branch Hilbert 
series of the following quiver 



Moreover, for k = 1, N = b and n = 2, we find that the coefficient of in the 
unrefined Coulomb branch Hilbert series of (3.8) is equal to 22. This is equal to the 
sum 1 -|- 15 -|- 6 of the dimensions of the adjoint representations of each factor in the 
symmetry of the Coulomb branch 17(1) x ^(^(G) x ^(^(d), where U{1) corresponds 
to the isometry of C^/Z 4 . 


3.3 PU{2n) instantons on 

It was proven in [5] that the Higgs branch of (3.8) describes the moduli space of k 

PU (2n) instantons on C^/Dn with monodromy at inhnity such that PU{2n) remains 
unbroken. As a result of mirror symmetry, the Coulomb branch of (3.9) also describes 
the same moduli space. Indeed, the N non-trivial FI parameters of the former and 
the N non-trivial mass parameters in the latter can be identified with the blow-up 

parameters of C^/Dn- 
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Let us examine the Higgs branch Hilbert series of (3.8). For /c = 1, n = 1 and 
= 4, namely one PU{2) instanton on C^/D 4 , the unrehned Hilbert series is 


1 + + 4t® + 4t^° + 

~ {1-Pf{l + P + Pf 

= l + 3t^ + + 23t® + 52t® + 105t^° + 204^^^ ^ 353^14 ^ _ 

= PE[3t2 + 2t^ + 7t^ + - 4t^° - + ...]. (3.14) 


The coefficient 3 of P is indeed the dimension of PU{2) = U{2)/U{1). It is worth 
contrasting this result with the the moduli space of one PU (2) instanton on singular 
orbifold /D 4 with monodromy at inhnity such that PU{2) is unbroken. The latter 
is the product of two orbifolds (C^/Zl 4 ) x {€?/'L 2 ) according to (2.36), whereas the 
space corresponding to (3.14) is not. 


4 Conclusions and open problems 

In this paper, we study 3d N = A held theories whose Higgs branch and/or Coulomb 
branch describe the moduli space of instantons on a singular orbifold or on a smooth 
ALE space. 

In the hrst part of the paper, we show that for instantons in a simple gauge group 
G on P} j"Lni the Hilbert series of such an instanton moduli space can be computed 
from the Coulomb branch of the quiver given by the affine Dynkin diagram of G with 
havour nodes of unitary groups attached to various nodes of the Dynkin diagram. 
The techniques presented in [24, 27] can thus be applied to compute the Coulomb 
branch Hilbert series of such quivers. For G a simply laced group of type A, D or E, 
the Higgs branch of such a quiver describes the moduli space of PU{n) instantons 
on C^/G, where G is the discrete group that is in McKay correspondence to G. 

In the second part of the paper, the moduli space of instantons on a smooth ALE 
space is discussed. We present a quiver whose Coulomb branch describes the moduli 
space of SO{2N) instantons on a smooth ALE space j^L^n with monodromy at 
inhnity such that SO{2N) is broken to SO{2N — 4) x S'!) (4). Various special cases 
of our results are checked against those presented in [37] and yield an agreement. 
We leave the study of other monodromies at inhnity for future work. 

Our work leaves a number of open questions. In the case of singular orbifolds, one 
may naturally ask for a held theory that describes the moduli space of instantons in a 
non-unitary gauge group on orbifold C^/F, where F = Dn or Eey.s- In fact, a quiver 
description for the moduli space of SO{2N) instantons on P"^/Dn was proposed in 
Figure 17 in section 4.4 of [11]. However, upon considering the special case in which 
SO{2N) remains unbroken by the monodromy at inhnity (he. when there is exactly 
one havour node attached to the affine node of the Dynkin diagram), the quiver 
contains a USp{2Nc) gauge group with 2A/ havours. This renders the quiver a bad 
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theory in the sense of [30] and all known methods for computing the Coulomb branch 
Hilbert series yield inhnity. Hence we cannot use the Coulomb branch Hilbert series 
to check that the Coulomb branch of the quiver in this case has a desired property, 
namely being either £?/ Dn x N'so(2N) or C'^/Dn x Mso(2n)'^ cf. (2.8), (2.9), (2.13) 
and (2.14). On the other hand, by computing the Higgs branch Hilbert series of such 
a quiver, we hnd that the Higgs branch does not have such a property either. Given 
such a situation, we do not go into detail of this quiver and leave the study of such 
a moduli space of instantons for future work. 

In the case of smooth ALE spaces, our knowledge is far from complete. So far 
in this paper we have only provided a few examples that can be checked explicitly 
against the known results. It would be nice to study such instanton moduli spaces 
in a systematic fashion. 
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A The Coulomb branch Hilbert series 

In this appendix, we review the computation of the Hilbert series for the Coulomb 
branch of 3(i W = 4 quiver gauge theories whose gauge group is a product of unitary 
groups. As is discussed in the main text (and in [27]), for suitable generalised quivers, 
possibly with non-simple laces, this method computes the Hilbert series of the moduli 
space of instantons. 

A weak coupling description of a 3(i A/” = 4 theory is specihed by vector multiplets 
in the adjoint representation and matter helds (hypermultiplets or half-hypermultiplets) 
in some representation of the gauge group. At a generic point on the Coulomb branch 
the scalars in the vector multiplet acquire non-zero vacuum expectation values, break¬ 
ing the gauge group Q of rank r to Uiiy. As a result, matter helds and W-bosons 
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gain masses and are integrated ont, while the r massless gange helds, the photons, 
can be dnalised to scalars. Hence the low energy effective theory of the Conlomb 
branch consists of r abelian vector mnltiplets which, by virtne of the gange field 
dnalisation to a scalar, can be themselves dnalised to twisted hypermnltiplets. 

The previous description breaks down at the origin of the Coulomb branch, which 
corresponds to a strongly coupled super conformal fixed point in the infrared (IR). 
Moreover, when the residual gauge group is non-abelian, the dnalisation of a non- 
abelian vector multiplet is not understood. A suitable description of the Coulomb 
branch at the fixed point involves disorder operators that cannot be described in 
terms of a polynomial in the microscopic degrees of freedom [55]. These operators 
are known as monopole operators and are defined by specifying a Dirac monopole 
singularity at an insertion point in the Euclidean path integral [56]. Monopole op¬ 
erators are classified by embedding U{1) into the gauge group Q, and are labeled by 
magnetic charges which, by a generalised Dirac quantization [57], take value in the 
weight lattice Tgv of the GNO or Langlands dual group [58, 59]. The monopole 
flux breaks the gauge group ^ to a residual gauge group Hm by the adjoint Higgs 
mechanism. Restricting to gauge invariant monopole operators is achieved by mod- 
ding out by the Weyl group Wg of Q, thus restricting m G Tgv/Wg. 

In a 3(i A/” = 2 theory, half-BPS monopole operators are contained in the chiral 
mnltiplets. There is a unique BPS monopole operator Vm for each choice of magnetic 
charge m [60] . If the theory has A/" = 4 supersymmetry, the A/" = 4 vector multiplet 
decomposes into an A7 = 2 vector multiplet V and a chiral multiplet <h in the 
adjoint representation. To describe the Coulomb branch, V is replaced by monopole 
operators Vm, which now can be dressed by the classical complex scalar 0 inside $. 
This dressing preserves the same supersymmetry of a chiral multiplet [61] if and only 
if (f) is restricted to a constant element (l)m of the Lie algebra of the residual gauge 
group Hm [24] . The monopole operators that parametrise the Coulomb branch of an 
A7 = 4 field theory are therefore polynomials of Vm and (pm, which are made gauge 
invariant by averaging over the action of the Weyl group [24] . 

Let us focus on a gauge group Q that is a product of t/(W) unitary groups, 
which are self-dual. For U{N) monopole operators Vm, with magnetic charge m = 
diag(mi,..., mAf), the weight lattice of the dual group is given by = 

{mi G Z, i = 1, ..,N}. Modding out by the Weyl group Sn restricts the lattice to 
the Weyl chamber = {m G Z^\mi > m 2 > ... > m^^Y For U{N) gauge 

groups, which are not simply connected, its centre U{1) corresponds to a topological 
7/(1)j symmetry group. Classically, monopole operators are only charged under 
this symmetry. To each such f/(W) gauge group, we associate a fugacity Zi for the 
topological f/(l)ji symmetry with conserved current ^TrT), where A) is the field 
strength of the Cth gauge group. 

Other charges are acquired quantum-mechanically. In particular, monopole op¬ 
erators become charged under the Cartan U{l)c of the SU{2)c R-symmetry acting 
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on the Coulomb branch. For a Lagrangian A/" = 4 gauge theory with gauge group Q, 
this charge is given by the formula 

A(m) = - ^ |Q:(m)| +^ |pi(m)| , (A.l) 

Q!eA+ i=l pi&Tii 

where the hrst contribution, arising from vector multiplets, is a sum over the positive 
roots of Q, while the second contribution is a sum over the weights of representations 
of the gauge group Q of the hypermultiplets. The fugacity for this /^-symmetry is 
called in the following. The dimension formula (A.l) was conjectured in [30] based 
on a weak coupling computation in [60], and later proven in [62, 63]. For the theories 
that we study in this paper, which are good or ugly in the sense of [30], (A.l) is 
believed to equal the scaling dimension in the IR CFT. 

The main focus of this paper is on held theories described by Dynkin diagrams, 
possibly non-simply laced and possibly with Favours. We propose the following 
prescription for computing the i?-charge of a monopole operator, generalising the 
Lagrangian formula (A.l). Each diagram is constructed from two basic building 
blocks: a node and a line. They contribute to (A.l) as follows: 

• A U{N) node, with magnetic charge m, contributes to the Coulomb branch 
Hilbert series as follows: 

Anode (^Tl) = - • (A-2) 

1<2<_7<A^ 



• A line connecting the nodes U{Ni) and U{N 2 ) can be either a single line (—), a 
double line (^) or a triple line (^), which we take to be oriented from node 1 
to node 2. Let us assign magnetic charges and to U{Ni) and U{N 2 ) 
respectively. We propose that the contribution from a line is: 



Aline (^^ 



1 

2 


Ni N2 


j=i fc=i 



(A.3) 


where A = 1 for a single bond, A = 2 for a double bond and A = 3 for a 
triple bond. If A > 1, (A.3) does not arise from matter helds transforming in a 
genuine representation of U{Ni) x U{N 2 ). 

If one of the nodes, say U{Ni), is a Favour node (he. donated by a square), 
then the corresponding should be treated a background magnetic Fux 
(see e.g. [64]). In this paper, we turn oF such background Fuxes and hence the 
contribution to the dimension formula of a single line connecting a square node 
and a circular node is given by 



(A.4) 


26 






The dimension formula is then given by the sum of the two contributions, (A.2) for 
each node and (A.3) or (A.4) for each line. 

Let us enumerate gauge invariant chiral operators on the Coulomb branch of non- 
simply laced quivers according to their quantum number Jj and A. The generating 
function, also known as the Coulomb branch Hilbert series, of such operators is given 
by [24] 

H{t,z)= , (A.5) 

mergw IWg 

where Each component of the formula can be explained as follows: 

• The sum is over GNO magnetic sectors [58], restricted to a Weyl chamber 
to impose invariance under the gauge group Q. There is precisely one bare 
monopole operator per magnetic charge sector [60]. 

• The factors ^ 2 A(m) ^Q^ount for the topological charges and conformal 

dimension of bare monopole operators of magnetic charge m. 

• The factor Pg{t]m) reflects the dressing of a bare monopole operator Vm by 
polynomials of the classical adjoint scalar (p^n which are gauge invariant under 
the residual gauge group Hm left unbroken by the monopole flux. The contri¬ 
bution of this dressing factor to the Hilbert series is given by the generating 
function of independent Casimir invariants under the residual gauge group Hm'. 

rk(g) ^ 

Pg{t',m)= n (A-6) 

i=l 

where di{m) are the degrees of the Casimir invariants of Hm- We refer the 
readers to Appendix A of [24] for more details on these classical dressing factors. 

We demonstrate the use of formula (A.5) to compute the Coulomb branch Hilbert 
series of various quiver theories in Section 2.3. 
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